The weight of a subgraph H in G is the degree-sum of vertices of H in G. Let Ω ∆ be the minimum integer such that there is a minor 5-star with weight at most Ω ∆ in every plane graph with minimum degree five and maximum degree ∆. Borodin and Ivanova [Discrete Math. 340 (2017) 2234-2242 proved that Ω ∆ ≤ ∆ + 29 for ∆ ≥ 13. They also asked: what's the minimum integer ∆ 0 such that Ω ∆ ≤ ∆ + 28 whenever ∆ ≥ ∆ 0 ? In this paper, we give two descriptions of minor 5-stars in plane graphs with minimum degree at least five, the first one refines Borodin and Ivanova's result and the second one partially gives an answer of Borodin and Ivanova's question.
Proof of ( * 1 ). Suppose that w 1 , w 2 , w 3 , w 4 are four consecutive vertices on the boundary of a 4 + -face. Since G is a simple graph, we have that w 1 w 3 and w 2 w 4 . Note that G is also a plane graph, thus we have that w 1 w 3 E(G) or w 2 w 4 E(G), otherwise the two lines representing w 1 w 3 and w 2 w 4 would cross each other outside the 4 + -face. But an insertion of a diagonal w 1 w 3 or w 2 w 4 into the 4 + -face would create a simple counterexample with more edges, which contradicts the maximality of G.
In a triangulation, let w be a 5-vertex with neighbors w 1 , w 2 , w 3 , w 4 , w 5 in the cyclic order. The vertex w is a wretch if it is a weak neighbor of a 13 + -vertex w 5 and a twice-weak neighbor of a 10-vertex w 2 . If w is a wretch, then we call the 5-vertex w 4 the brother of w. Note that w 1 and w 4 are asymmetrical, so the vertex w 1 cannot be a brother.
( * 2 ) Every κ-vertex with κ ≥ 13 is adjacent to at most κ 2 wretches. Moreover, any two wretches in the neighborhood of a 13 + -vertex are consecutive or separated by at least two non-wretches in the cyclic order Proof of ( * 2 ). Let w be a wretch with neighbors w 1 , w 2 , w 3 , w 4 , w 5 in the cyclic order. Let w 2 be a 10-vertex and w 5 be a 13 + -vertex. Let w 3 has the neighbors x, y, w 4 , w, w 2 in the cyclic order. Since w is a twice-weak neighbor of w 2 , the vertex x must be a 5-vertex. By the absence of 5, 5, 10, 5, 12 -stars, the vertex y must be a 13 + -vertex. Note that y and w 5 are two distinct vertices, thus w 4 has two 13 + -neighbors. This implies that a brother cannot be a wretch. Let w 4 has the neighbors w 5 , w, w 3 , y, z in the cyclic order. Similarly, the vertex z has two 13 + -neighbors, thus z cannot be a wretch.
Note that w 1 , w, w 4 and z are the consecutive neighbors of w 5 in the cyclic order. Now, we associate each wretch in N G (w) with its brother. By the above arguments, each wretch has a brother and distinct wretch have distinct brothers. Therefore, every κ-vertex with κ ≥ 13 is adjacent to at most κ 2 wretches. Let w 2 , w, w 5 , u, v be the neighbors of w 1 in the cyclic order. If u is a wretch, then v is the center of a 5, 5, 10, 5, 10 -star, a contradiction. Hence, neither u nor z is a wretch, and any two wretches in N G (w 5 ) are consecutive or separated by at least two non-wretches in the cyclic order. The Euler's formula |V | − |E | + |F | = 2 can be rewritten as the following:
Firstly, we give every vertex v an initial charge µ(v) = deg(v) − 6, and give every face f an initial charge µ( f ) = 2 deg( f ) − 6. Note that every face has an initial charge zero and every vertex has a nonnegative initial charge except the 5-vertices. Secondly, we redistribute the charges among 5-vertices and 7 + -vertices such that the final charge µ (v) of every vertex v is nonnegative, which contradicts the fact that the sum of the initial charges is negative.
Discharging rules
(R1a) Each 7-vertex sends = 0. So we may assume that v is adjacent to exactly six wretches and exactly six brothers. By ( * 2 ), two wretches are consecutive or separated by at least two non-wretches in the cyclic order, so we may assume that v 2 , v 3 , v 6 , v 7 , v 10 , v 11 are wretches, while the set of "brothers" If v has a 6 + -neighbor, then it has at most six twice-weak neighbor, which implies that µ (v) ≥ 11 − 6 − 11 · 
So we may assume that the 5-vertex v is just a receiver in what follows. By the absence of 6, 6, 6, 6, ∞ -stars, the vertex v has at least two 7 + -neighbors. Suppose that Recall that v has at least two 7 + -neighbors, so we have that min{κ 4 In fact, the (6, 6, 6, 6, ∞ -star in Theorem 1.2 can be refined as 6, 6, 6, 6, 11 -, 5, 6, 6, 6, 21 -, and 5, 6, 6, 5, ∞ -star by the discharging rules.
Proof of Theorem 1.9
Let G be a connected counterexample to Theorem 1.9 with maximum number of edges.
( * 3 ) The graph G is a triangulation.
Proof of ( * 3 ). Suppose that w 1 , w 2 , w 3 , w 4 are four consecutive vertices on the boundary of a 4 + -face. Since G is a simple graph, we have that w 1 w 3 and w 2 w 4 . Note that G is also a plane graph, thus we have that w 1 w 3 E(G) or w 2 w 4 E(G), otherwise the two lines representing w 1 w 3 and w 2 w 4 would cross each other outside the 4 + -face. But an insertion of a diagonal w 1 w 3 or w 2 w 4 into the 4 + -face would create a simple counterexample with more edges, which contradicts the assumption of G.
In a triangulation, let w be a 5-vertex with neighbors w 1 , w 2 , w 3 , w 4 , w 5 in the cyclic order. The vertex w is a wretch if it is a weak neighbor of a 17 + -vertex w 5 and a twice-weak neighbor of a 9-vertex w 2 . If w is a wretch, then we call the 5-vertex w 4 the brother of w. Note that w 1 and w 4 are asymmetrical, so the vertex w 1 cannot be a brother.
( * 4 ) Every κ-vertex with κ ≥ 17 is adjacent to at most κ 2 wretches.
Proof of ( * 4 ). Let w be a wretch with neighbors w 1 , w 2 , w 3 , w 4 , w 5 in the cyclic order. Let w 2 be a 9-vertex and w 5 be a 17 + -vertex. Let w 3 has the neighbors x, y, w 4 , w, w 2 in the cyclic order. Since w is a twice-weak neighbor of w 2 , the vertex x must be a 5-vertex. By the absence of 5, 5, 9, 5, 16 -stars, the vertex y must be a 17 + -vertex. Note that y and w 5 are two distinct vertices, thus w 4 has two 17 + -neighbors. This implies that a brother cannot be a wretch. Let w 4 has the neighbors w 5 , w, w 3 , y, z in the cyclic order. Similarly, the vertex z has two 17 + -neighbors, thus z cannot be a wretch.
Note that w 1 , w, w 4 and z are the consecutive neighbors of w 5 in the cyclic order. Now, we associate each wretch in N G (w) with its brother. By the above arguments, each wretch has a brother and distinct wretch have distinct brothers. Therefore, every κ-vertex with κ ≥ 17 is adjacent to at most 
Firstly, we give every vertex v an initial charge µ(v) = deg(v) − 6, and give every face f an initial charge µ( f ) = 2 deg( f ) − 6. Note that every face has an initial charge zero and every vertex has an nonnegative initial charge except the 5-vertices. Secondly, we redistribute the charges among 5-vertices and 7 + -vertices such that the final charge µ (v) of every vertex v is nonnegative, which contradicts the sum the the initial charges is negative. 
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